A crucial lemma on module theory is Nakayama's lemma [1] .
Introduction and Preliminaries
Nakayama's Lemma was first discovered in the special case of ideals in a commutative ring by Wolfgang Krull and then in general by Goro Azumaya [2] . The lemma is named after the Japanese mathematician Tadashi Nakayama and introduced in its present form in Nakayama [3] . It is a significant tool in algebraic geometry, because it allows local data on algebraic varieties, in the form of modules over local rings, to be studied pointwise as vector spaces over the residue field of the ring.
There are several equivalent forms of Nakayama's Lemma in algebra. We express one here. Let R be a ring with identity 1, and A a finitely generated right R-module. If I is a right ideal of R contained in the Jacobson radical of R, J(R), and AI = A then A = 0.
Some generalizations of Nakayama's Lemma has been given and studied, in the literatures. For example, R. Ameri in [4] generalized Nakayama's Lemma to a class of multiplication modules over commutative rings with identity. Also, A. Azizi [5] introduced Nakayama property for modules over a commutative ring with identity. He says that an R-module M has Nakayamaya property if IM = M, where I is an ideal of R, implies that there exists a ∈ R such that aM = 0 and a − 1 ∈ I. Then Nakayama's Lemma states that every finitely generated R-module has Nakayama property. He proved that R is a perfect ring if and only if every R-module has Nakayama property. Besides, we inform that there are generalizations in other contexts, we refer the reader to [6] and [7] .
Throughout this paper, S is a monoid with at least a right noninvertible element, all S-acts will be right S-acts and all ideals of S are right ideals. The set of all idempotents of S is denoted by E(S). It is known that the set {s | s is a right non-invertible element of S} is the only maximal right ideal of S. In this note, we reserve M to denote, always, this unique maximal right ideal of S. For more information on S-acts we refer the reader to [8] .
Let S be a monoid with identity 1. Recall that a (right) S-act is a nonempty set A equipped with a map µ : A × S → A called its action, such that, denoting µ(a, s) by as, we have a1 = a and a(st) = (as)t, for all a ∈ A, and s, t ∈ S. An element θ ∈ A is called a zero of A if θs = θ for any s ∈ S. Let A be an S-act and B ⊆ A a non-empty subset. Then B is called a subact of A if bs ∈ B for all s ∈ S and b ∈ B. In particular, if I is a (proper) ideal of S, then AI := {as | a ∈ A, s ∈ I} is a subact of A. Any subact B ⊆ A defines the Rees congruence ρ B on A, by setting aρ B a ′ if a, a ′ ∈ B or a = a ′ . We denote the resulting factor act by A/B and call it the Rees factor act of A by the subact B. Clearly, A/B has a zero which is the class consisting of B, all other classes are one-element sets. Moreover, any subact B ⊆ A gives rise to a kernel congruence ker π where π : A → A/B is the canonical epimorphism. The category of all S-acts, with action-preserving (Sact) maps (f : A → B with f (as) = f (a)s, for s ∈ S, a ∈ A) between them, is denoted by Act − S. Clearly S itself is an S-act with its operation as the action.
Nakayama's Lemma for R-modules governs the interaction between the Jacobson radical of a ring and its finitely generated modules. We aware that for a ring R with identity 1, J(R) is a two-sided ideal of R, but for a monoid S, M = {s ∈ S | st = 1 for all t ∈ S} is the only maximal right ideal of S and then for any proper ideal I of S we have I ⊆ M. We can not talk about Jacobson radical of a monoid, because M is the only maximal ideal for it. We therefore consider Nakayama's Lemma in Act−S where S is a monoid with a unique twosided maximal ideal M. In [8, Example 3.18.10] , the authors present a monoid S in which M is not a two-sided ideal. Moreover, there are examples of monoids S that are not commutative, but their maximal ideals are two-sided. For example, given S = (M n (R), ·), the monoid of all n×n matrices with real number entries under usual multiplication of matrices. Since ab = 1 implies ba = 1 for a, b ∈ S, the unique maximal ideal of S is two-sided (see Lemma 2.1 of this paper). Besides, there are many examples of finitely generated S-acts A with zero element θ in which for a proper ideal I of S, AI = A, but A = {θ}; take any monoid S and an arbitrary finite set A with |A| > 1. Then A becomes a right S-act by trivial action, i.e., as = a for all a ∈ A, s ∈ S. Therefore, AI = A for every proper ideal I, although, A = {θ}. As another example of this situation, we will provide in Example 2.9 of next section, a finitely generated N-act with a unique zero for which A(2N) = A, but A = {θ}.
In this paper, we are going to study some forms of Nakayama's Lemma on Act − S. More precisely, in Theorem 2.11 of next section, we show that equality AI = A for some proper ideal I of S implies A = {θ}, when A is a finitely generated quasi-strongly faithful S-act with unique zero element θ and S is a monoid in which the unique maximal right ideal M is two-sided. As an application of Nakayama's Lemma we prove Krull intersection theorem for S-acts. As a consequence, we shall see a homological classification form of this lemma, i.e, we prove if S is a commutative monoid then, every projective S-act is free if and only if E(S) = {1}, which E(S) is the set of all idempotents of S.
Some forms of Nakayama's lemma
In this section we will prove that a version of Nakayama's Lemma for Act − S. We begin with the following lemma which determines monoids in which their unique maximal ideals are two-sided.
Lemma 2.1. Let S be a monoid. Then the following statements are equivalent:
1. M is a two-sided ideal of S.
Proof. (1) ⇒ (2). Suppose M is two-sided and st = 1 and ts = 1 for some s, t ∈ S. Then tl = 1 for all l ∈ S. Otherwise, tl = 1 for some l ∈ S implies that (st)l = s, and so l = s. Hence ts = 1 which is a contradiction. Then tl = 1 for all l ∈ S. Now according to the definition of M, t ∈ M. But M is a two-sided ideal and st = 1, so 1 = st ∈ M which is a contradiction. Thus st = 1 implies that ts = 1.
(2) ⇒ (1). Suppose t ∈ M and s ∈ S are such that st / ∈ M. Then, s(ty) = (st)y = 1 for some y ∈ S. By assumption we have t(ys) = (ty)s = 1. Therefore, t / ∈ M, which is a contradiction.
The following remark is a simple consequence of Lemma 2.1.
Remark 2.2. Recall from [8] that monoids S and T are Morita equivalent if Act − S and Act − T are equivalent categories. In this case,
we write S ∼ M T . In a certain sense Morita equivalence is the global aspect of homological classification of monoids since it contains the question to which extent a monoid S is determined by the entire category Act − S. For monoids S and T, in view of [8, Corollary 5.3 .14] and Lemma 2.1 we obtain that, S ∼ M T if and only if S ∼ = T , whenever the unique maximal ideals of S and T are two-sided.
The next lemma easily shows that every finitely generated S-act with a unique zero element has a maximal subact. Lemma 2.3. Let S be a monoid and let A be a finitely generated S-act with a unique zero element θ and A = {θ}. Then every proper subact of A is contained in a maximal subact. In particular, A has a maximal subact.
Proof. Given B a proper subact of A. Let be the set of all proper subacts of A that contain B. Then is a partially ordered set with set inclusion order. Now, a straightforward application of Zorn's lemma gives us the result.
In the sequel we will present two versions of Nakayama's lemma. Proof. On the contrary, let I be a proper ideal of S such that AI = A. Then there are elements c ∈ A and s ∈ I such that a = cs. It is clear that c = a, because if c = a then a = as and since s ∈ I ⊆ M we get a ∈ B which is a contradiction. Since a / ∈ B we have c / ∈ B and since B is a maximal subact of A we have A = B ∪ aS. Then, c ∈ aS, and so c = at for some t ∈ S. Since s ∈ M and M is a two-sided ideal of S we have ts ∈ M. On the other hand, a = cs = ats ∈ B and this is a contradiction. Therefore, for any proper ideal I of S we have AI = A. In the next lemma we will see that the second condition of Theorem 2.4 is equivalence to the implication that as = a implies s / ∈ M.
More precisely:
Lemma 2.7. Let A be an S-act with a maximal subact B. For any a ∈ A \ B the following statements are equivalent:
Proof.
(1) ⇒ (2). If as = a and s ∈ M, then a ∈ B which is impossible.
(2) ⇒ (1). Since a / ∈ B, the set {s ∈ S | as ∈ B} is a proper ideal of S.
On the other hand, by (2) we have a / ∈ aM, then B ⊆ B ∪aM A. As B is a maximal subact of A, B = B ∪ aM. This means that aM ⊆ B, or M ⊆ {s ∈ S | as ∈ B} S, but M is the maximal ideal of S, therefore M = {s ∈ S | as ∈ B}.
If A is a right R-module on local ring R then J(R) = M is the only maximal right ideal of R. In this case we have, a = am if and only if a = 0, for all m ∈ M and a ∈ A. Therefore the following corollary is a version of Nakayama's lemma for S-acts. Corollary 2.8. Let S be a monoid for which the maximal ideal M is two-sided and A is an S-act with a maximal subact B. Let AI = A, for some proper ideal I of S. Then for every a ∈ A\B there exists m ∈ M such that am = a.
Proof. If for some a ∈ A\B, am = a, for every m ∈ M, then by Lemma 2.7, M = {s ∈ S | as ∈ B}. By Theorem 2.4, AI = A, which contradicts to the assumption. The proof is now complete. Proof. Assume that A = {θ}. Then by Lemma 2.3, A contains a maximal subact B. Take a ∈ A \ B. By Corollary 2.8, as = a for some s ∈ M. This is a contradiction because A is a quasi-strongly faithful S-act. Thus A = {θ}. Proof. Let X = {x 1 , x 2 , · · · , x n } is a generating set for A. Then the set {π(x i ) | 1 ≤ i ≤ n} is a generating set for the S-act A/B where π :
A → A/B is the canonical epimorphism. Since B ∪ AI = A we readily obtain (A/B)I = A/B. On the other hand, since A is finitely generated and quasi-strongly faithful, A/B is too. Note that A/B always is an S-act with a unique zero element therefore by Theorem 2.11, we get A/B = {θ}. That is, A = B.
Application
In this section we provide some applications of Nakayama's Lemma for S-acts. Proof.
For every ideal I of S, AI = A if and only if I = S.

For every ideal
(1) In the contrary, assume that there exists a proper ideal I of S, such that I 2 = I and AI ∼ = A. Let f : AI −→ A be an isomorphism.
This is a contradiction with Nakayama's Lemma.
(2) I = S implies AI = A by Nakayama's Lemma. Therefore AI = A implies I = S. Since a1 = a, for any a ∈ A we have AS = A. Therefore,
follows from (1).
Next, as an application of Nakayama's Lemma, we characterize commutative monoids S over which every projective S-act is free. By [8, Theorem 3.17.8], an act P ∈ Act − S is projective if and only if P =∪ i∈I P i where P i ∼ = e i S for idempotents e i ∈ S, i ∈ I. By [8, Theorem 4.13.3], if S is a commutative monoid then it is easy to see that every projective S-act is free S-act if and only if E(S) = {1}.
In the next theorem we will prove this result by Nakayama's Lemma.
Theorem 3.2. Let S be a commutative monoid. Then every projective S-act is free if and only if E(S) = {1}.
Proof. First, assume that every projective S-act is free and e ∈ S is an idempotent. Since S is a commutative monoid, its unique maximal ideal is two-sided and hence SeS = eS. On the other hand, it is easy to check that eS is a projective S-act (see also [8 such that es = 1 and so e = es = 1. Thus E(S) = {1}. The converse is clear.
In the following, we show that if S is a monoid in which its unique maximal right ideal M is two-sided, then every two minimal generating sets of any finitely generated quasi-strongly faithful S-act have the same size. Proof. Assume that X = {x 1 , · · · , x n } and Y = {y 1 , · · · , y m } are minimal generating sets for A and n = m. We may assume without loss of generality that n < m. For any 1 ≤ i ≤ m, there exists x j ∈ X(1 ≤ j ≤ n), and a nonzero element s ∈ S such that y i = x j s. Since m > n, for distinct pair of elements i 1 , i 2 ∈ {1, 2, · · · , m} there is exactly an index j ∈ {1, 2, · · · , n} such that y i 1 = x j s 1 and y i 2 = x j s 2 .
Then we have x j = y i 1 s 2. the S-act A/AM is generated by π(a 1 ), · · · , π(a n );
3. the S/M-act A/AM is generated by π(a 1 ), · · · , π(a n ).
Proof. (1)⇒ (2) is clear.
(2)⇒ (1) Let B be the subact of A generated by a 1 , · · · , a n . We show that A = B ∪ AM. Assume a ∈ A then π(a) ∈ A/AM. By (2) we have π(a) = π(a i )s for some s ∈ S and 1 ≤ i ≤ n. If π(a) = AM then a ∈ AM and otherwise a = a i s therefore a ∈ B. Then we have A = B ∪ AM therefore A = B by Corollary 2.12. Proof. Since M is a two-sided ideal of S, S/M is a monoid in which every nonzero element is invertible. Then the result follows by Lemma 3.3
and Theorem 3.4.
Let I be an ideal of a commutative Noetherian ring R such that I ⊆ J(R). Then ∩ n∈N I n = 0. This is known as Krull's Intersection
Theorem (see [9, Corollary 8.25 ]) in the theory of modules over commutative rings. In the following we prove a counterpart of this theorem for S-acts. Recall [10] that an S-act A is Noetherian if A satisfies the ascending chain condition on its subacts, that is, every ascending chain of subacts of A is finite. Lemma 3.6. Let S be a monoid and A, B be two S-acts. where F ∼ =∪ i∈I S i and K is a subact of F and |I| < ∞ and S i ∼ = S for each i ∈ I. Since S is Noetherian the result follows from (1) and (2).
A∪B is Noetherian if and only if
Theorem 3.7. Let S be a Noetherian monoid, I an ideal of S and A a finitely generated S-act. If B = ∩ n∈N AI n , then BI = B.
Proof. By part (3) of Lemma 3.6, A is Noetherian. Put to be the set of all proper subacts D of A such that D ∩ B = BI. Then with set inclusion is a partially ordered set and = ∅ since BI ∈ .
By Zorn's lemma, has a maximal element C. If we can show that AI n ⊆ C for some n ∈ N, then B ⊆ AI n ⊆ C and since C ∈ we get the result. To this end, let s ∈ I and let
where k ∈ N. Since A is Noetherian and A 1 ⊆ A 2 ⊆ · · · there exists some m ∈ N such that A m = A m+n for every n ∈ N. We claim that (As m ∪ C) ∩ B = BI (3.1)
If x ∈ (As m ∪C)∩B then x ∈ As m ∩B or x ∈ C ∩B. If x ∈ C ∩B then x ∈ BI since C ∈. If x ∈ As m ∩ B then there exists a ∈ A such that x = as m and xs ∈ BI since x ∈ B. Therefore, as m+1 ∈ BI = C ∩B and as m+1 ∈ C. Since as m+1 ∈ C and A m = A m+1 , x = as m ∈ C. Then,
x ∈ C ∩ B = BI and so (As m ∪ C) ∩ B ⊆ BI. the reverse inclusion is evident. Thus 3.1 holds. Now, if A = As m ∪ C then BI = B and we get the result. If A = As m ∪ C, as As m ∪ C ∈ , so C = As m ∪ C because C ⊆ As m ∪ C and C is a maximal element of . Therefore, As m ⊆ C and since s is arbitrary, we conclude that AI m ⊆ C. Thus, BI = B. 
